The pion electromagnetic form factor and two-pion production in electron-positron collisions are simultaneously fitted by a vector dominance model evolving to perturbative QCD at large momentum transfer. This model was previously successful in simultaneously fitting the nucleon electromagnetic form factors (spacelike region) and the electromagnetic production of nucleon-antinucleon pairs (timelike region). For this pion case dispersion relations are used to produce the analytic connection of the spacelike and timelike regions. The fit to all the data is good, especially for the newer sets of timelike data. The description of high-q 2 data, in the timelike region, requires one more meson with ρ quantum numbers than listed in the 2014 Particle Data Group review.
I. THE PION FORM FACTOR
The pion form factor (FF) F π (q 2 ) is a function of the squared four-momentum q 2 transferred by the virtual photon, which parametrizes the coupling associated with the photon-pion-pion vertex, γπ + π + , see Fig. 1 , assuming pions are particles with a nonpointlike spatial charge distribution.
time-like space-like Figure 1 . Feynman diagram of the one-photon exchange annihilation and scattering processes e + e − → π + π − and e + π + → e + π + . The octagon represents the nonpointlike pion vertex described by the FF. * simone.pacetti@pg.infn.it
Definition
The Feynman amplitude of the diagram in Fig. 1 , in the spacelike direction, i.e., for the scattering process, is
where e and u are the electric charge and the spinor of the electron, and J µ π (x) is the pion electromagnetic current operator. The four-momenta are those shown in parentheses in Fig. 1 . The contraction π + (p 2 )|J µ π (0)|π + (p 1 ) , which describes the pion-photon vertex, can be written as the most general Lorentz four vector, defined in terms of only pion four-momenta, that fulfils Lorentz, parity, time reversal and gauge invariance, i.e.,
Besides the constrained four-vector part, there is a Lorentz scalar degree of freedom: the pion FF F π (q 2 ). It is a function depending on the only nonconstant scalar, that can be obtained from the pion four-momenta p 1 and p 2 , i.e., q 2 , where q = p 2 − p 1 is the photon four-momentum. In the case of scattering, q is a spacelike four vector, in fact, in the pion rest frame, where p 1 = (M π , 0) and p 2 = (E 2 , p 2 ),
The Feynman amplitude for the annihilation process e + e − → π + π − , in Born approximation, i.e., the diagram of Fig. 1 in the timelike direction, is
where, as a consequence of crossing symmetry, the pion current operator, J µ π (x), is the same as in the scattering amplitude. It follows that the Lorentz four vector which describes the γπ + π − vertex, i.e.,
is written in terms of the same FF, even though it is evaluated in a different kinematic domain, the timelike region. Indeed, in the case of annihilation, the photon four-momentum is a timelike vector. This can be seen, for instance, in the π + π − center of mass frame, here the pion four-momenta are p 1,2 = (E, ± p), then
II. THE EXTENDED VECTOR MESON DOMINANCE MODEL FOR THE FIT
Vector mesons are coupled to photons and absorb much of the strength of their transition to two and three pions, a particular result of vector meson dominance (VMD) [1] in the resonance region up to several GeV. Modified to evolve to perturbative QCD (pQCD) at high momentum transfers the extended VMD (extVMD) successfully fitted the analytically connected nucleon timelike and spacelike FFs [2] . We now apply the extVMD to the combined timelike and spacelike pion FFs. The expressions that follow are represented in Fig. 2 by the detail in the octagon of Fig. 1 showing, at low q 2 , the photon transforming to a vector meson (red rectangle), which then decays into pions (left diagram); the γ-π + π − direct coupling (right diagram) at high q 2 , that reproduces the pQCD asymptotic behavior [3] . Figure 2 . Diagrams representing the contributions to the pion FF from: VMD at low q 2 , the photon converts to a vector meson V , shown as a red rectangle, that decays into the π + π − final state (left) and pQCD at high q 2 (right).
Assuming as dominant, below the asymptotic region, the single-hadron intermediate states, the pion FF can be written as a series of vector meson propagators. It is interesting to notice that such a procedure provides a good description of the pion FF, not only in the timelike region where it reproduces the bumps of the vector meson resonances, but also in the spacelike region where the sum of the propagator tails gives a monopolelike behavior.
Because of the need to use nonperturbative QCD to compute the parameters of the resonances, the usual procedure consists in determining their values by fitting the experimental data with expressions for the decay FF where:
masses, widths and coupling constants of the resonances, are treated as free parameters. The values obtained by exploiting this procedure are certainly dependent on the theoretical model used to define the fit formula that parametrizes the decay FF. Indeed, even though the VMD model provides the general guidelines for writing a FF expression as a sum of vector meson propagators, the explicit form of the propagators as functions of q 2 is not unique. We adopt an expression for the pion FF, based on the VMD model, which contains a sum of vector meson propagators, that are relativistic, and obey the threshold mass conditions. The analyticity of propagators has been rigorously imposed so that, resonances emerge as pairs of complex conjugate poles, lying on unphysical Riemann surfaces. This analytic structure provides an expression for the pion FF that is valid in all kinematic regions. There is no need of any further analytic continuation procedure, and hence it is able to describe, at the same time, both spacelike and timelike data. Following the same line of reasoning developed in Ref. [2] in the case of nucleon-antinucleon final states, the pion FF has been parametrized with a sum of analytic BreitWigner formulas
where M V and Γ V are the mass and width of the vector meson resonance; s 0 = (2M π ) 2 is the two-pion threshold, and a factor which accounts for coupling between the virtual photon and the vector meson, together with photonmeson and photon-quark-pion FFs. Apart from the wellknown ω-ρ mixing effect [4] , in the pion case only isovector resonances need to be considered. The fit function is described in detail in the next section, where, for economy of notation, we set q 2 = s. At large values of |s| pQCD becomes valid and takes over from the resonant behavior, because the resonances (propagators times photon-meson FFs) decay as s −2 and the pQCD terms as s −1 up to logarithmic terms. The pQCD normalization is fitted both to the theoretical value at large |s| and so that the pion FF corresponds to unit charge at s = 0.
The fit function
Because the mass of the ω is so close to the mass of the ρ, its small two-pion decay branch interferes importantly with the two-pion decay of the ρ. The fit function is the sum of four ρ-type resonances, R = {ρ, ρ , ρ , ρ }, a ρ-ω interference term (the VMD contribution) and a pQCD term which dominates at high momentum transfer. The complete expression, in terms of the analytic propagators BW V (s) and the interference term BW ρω (s), where the BW(s) functions denote the removal of unphysical poles either by their explicit subtraction or through the use of dispersion relations (DRs), is
where where the modulus and phase of the FF is in agreement with unitarity. Note that, given the asymptotic behavior of the BW V (s), the term proportional to F D (s) dominates those proportional to F 1 (s) for large s while at s = 0 the sum is 1, consistent with unit charge. Perturbative QCD predicts not only the power law, but also the normalization for the spacelike asymptotic behavior of the pion FF [5] , as
where f π = 0.093 GeV is the pion decay constant and β 0 is the first coefficient of the QCD β-function. In our parametrization, Eq. (4), the spacelike asymptotic behavior is driven by the term proportional to the FF F D , and it is
In order to reproduce the expected behavior of Eq. (5) it should be
The analytic propagator of a ρ-type vector meson V , with mass M V and total width Γ V , is obtained as the analytic continuation of that function having over the real axis, from the two-pion threshold s 0 = (2M π ) 2 up to infinity, the imaginary part of the Breit-Wigner formula of Eq. (3), i.e., the propagator of a vector meson V , decaying predominantly into π + π − . It follows that
In particular, for spacelike four-momenta squared, i.e., t = −Q 2 = q 2 < 0, BW V (t) is real and given by the previous expression; for timelike momenta, above the threshold s 0 , we have
In summary, assuming analyticity, the function BW V (t) can be obtained at any complex value of t from the knowledge of the imaginary part Im (BW V (s)) in s ∈ (s 0 , ∞).
In particular, below the threshold s 0 , and hence in the spacelike region, where BW V (s) is real, we use the DR for the imaginary part given in Eq. (7), while, in the timelike region above such a threshold s 0 , where the imaginary part is known, the real part can be computed by means of the DR of Eq. (8).
The interference term form BW ρω (s) is as given by Eqs. (10) and (12) of Ref. [4] , substituting the BreitWigner propagators used here (which include the decay thresholds) for the propagators of Ref. [4] (which lack the threshold effects); so BW ρω (s) is obtained starting from the imaginary part over the real axis of
2 is the three-pion threshold and
.
As a consequence of the two different thresholds s 0 and s 1 with s 0 < s 1 , the imaginary part of BW ρω (s), for real values of s, has the threefold expression
that used in the DRs of Eqs. (7) and (8) gives the analytic form BW ρω (s). As already shown in Ref. [2] , the procedure based on DRs is equivalent to the subtraction of the poles in the first Riemann surface of the s-plane inclusive of the real axis. The result is
where z k is an isolated pole of BW V (s) with residue R k , and k = 1, 2, . . . , n. For all the ρ-like resonances n = 1, with z k being real, while n = 3 in the case of BW ρω (s), with one real and two complex conjugate poles. This method was computationally faster than the DR approach for the nucleon FFs, but suffers from iteration instability for these pion form factor computations because of the complex pole arising from the interference term.
III. DATA AND FIT
Nine sets of data have been fitted: three in the spacelike region, NA7 [7] , JLab F π [8] and JLab F π -2 [9] , called spacelike data (SLD); six in the timelike region, dividing in two sets, the newer timelike data (NTLD): BESIII [10] , KLOE [11] , and BaBar [12] , and the older timelike data (OTLD), KLOE11 [13] , CMD2 [14] and SND [15] . We considered four minimizations, characterized by the following four χ 2 definitions.
I) In the first case, besides SLD, only NTLD are included, hence
II) In the second case, the QCD asymptotic normalization given in Eq. (6) is also included so that
III) In the third case all data sets are considered,
IV) Finally, in the fourth case all constraints are exploited, i.e., from the nine data sets and the QCD asymptotic normalization, it follows that The QCD asymptotic normalization is imposed by forcing the identity of Eq. (6), i.e., the corresponding χ 2 contribution is
where λ is a weighting factor, whose value is settled in order to have the condition almost exactly fulfilled 1 . The best (minimum χ
2 ) values of parameters are reported in Table I , while Figs. 3 and 4 show, in the four cases, the modulus squared, i.e., the fit function, and the phase of 1 This can be done by studying the behavior of χ 2 (λ), as λ increases, and selecting the value from which the contribution χ 2 asy (λ) becomes negligible with respects to the others, i.e., the total χ 2 loses its dependence on λ itself. It follows that Figures 5 and 6 show, in the case "IV", chosen as an example, the residues of the fit in the spacelike and timelike regions, respectively. These points are obtained from the data and fit function, as 
Those of the first row are minimized considering, in the timelike region, only NTLD, i.e., data from BESIII [10] , KLOE [11] and BaBar [12] , while those of the second row account for all the available timelike data, OTLD and NTLD. Moreover, the χ 2 's of the second column embody the additional constraint from the QCD asymptotic normalization and are only very slightly larger than the χ 2 in the first column. The increase of the χ 2 with the inclusion of OTLD is clearly a consequence of the incompatibility of the data themselves. Indeed, as shown in Fig. 7 incompatibility of these data sets can be also inferred by the behavior of the residues shown in Fig. 6 . While the BaBar data are well described, being the residues accumulated around zero, the OTLD, CMD2 and SND, show a systematic trend, being below the BaBar points for q 2 < M 2 ρ and above for q 2 > M 2 ρ . Data from KLOE and KLOE11 have a similar but less important trend. BESIII points for q 2 < 0.4 GeV 2 are below the BaBar data while agree quite well for q 2 > 0.4 GeV 2 . In light of that, the NTLD alone give a complete and consistent piece of information on the pion FF, by covering the widest range of q 2 and having the highest density of maximally compatible points. In other words, the inclusion of OTLD does not bring any additional information. The fit parameters, shown in Table I , require one more meson with ρ quantum numbers than listed in the 2014 Particle Data Group (PDG) review Ref. [16] . The masses and widths of the ρ, ρ and ω are consistent with the PDG values of its ρ(770), ρ(1450) and ω(782). But this fit to the data requires two more ρ-type mesons with masses more than the single remaining PDG ρ(1700). Table II  lists hence reported without errors) poles that interfere with the required analyticity (on the real q 2 axis and the upper half-plane). They are all on the real axis except for the one associated with the ω meson weak two-pion decay interference with the nearly degenerate ρ meson. It is the subtraction of this complex pole which makes it difficult to obtain the required accuracy and stability of the pion FF. The direct use of the DRs, computationally more intensive, provided the desired accuracy. The normalized χ 2 obtained in the pole subtraction approach is about 20% larger than the DR result quote above. The resultant model curve does not differ to the naked eye.
Summary
Statistically satisfactory fits to both the spacelike electron-pion scattering (pion FF) and timelike electronpositron two-pion production data are obtained by the extension of VMD to evolve to pQCD behavior at asymptotic momentum transfer. A total of nine sets of data Figure 6 . Residues for the six sets of timelike data. From the top to the bottom, the data are from BESIII [10] , KLOE [11] , BaBar [12] , KLOE11 [13] , CMD2 [14] and SND [15] . Even though BaBar data extend to q 2 = 8.7 GeV 2 , q 2 = 2 GeV 2 has been chosen as a maximum to display in order to have a better visualization of the other sets.
have been used [7] [8] [9] [10] [11] [12] [13] [14] [15] , three in the spacelike [7] [8] [9] , six in the timelike region [10] [11] [12] [13] [14] [15] . Two combinations have been studied by considering, in the timelike region, only the new data [10] [11] [12] (published since 2012) in one case, and all the available timelike data in the other case, by always taking account for all spacelike measurements. Moreover, for each of these combinations of data sets, two further subcases have been considered, by constrain- ing or not the asymptotic behavior of the pion FF to the pQCD normalization prediction of Eq. (5). The minima of the four normalized χ 2 's, given in Eq. (10), tell us that: the requirement of the pQCD asymptotic normalization does not affect significantly the goodness of the fit; the inclusion of the OTLD produces, instead, a sizable increasing (45% and 50%) of the χ 2 . However, as can be inferred by the overlapping of the q 2 intervals covered by the different timelike data sets (Fig. 7) , the large χ 2 values are due to the incompatibilities of the different data sets, mainly between OTLD and NTLD. Hence we concluded that NTLD, by themselves, contain the cleanest information on the pion FF, having maximum density (number of data points per unit of q 2 ), q 2 -coverage and compatibility. In general the timelike data have strong resonance features to the highest experimental energies resulting in the pQCD contribution being only a background normalizing the zero momentum transfer result to unit charge, although it will dominate at momentum transfers well beyond the experimental range. For the following discussion we refer to the fourth case. Three of the five resonance structures, the ω, ρ, and ρ needed to fit the two-pion production data (and simultaneously the electron-pion FF data), correspond closely to the PDG vector mesons listed as ω(782), ρ(770), and ρ(1450). The mass of the ρ is about 3 standard deviations (SD) less than the PDG central values, while the width is in agreement. The width of the ω is less than 1 SD from the PDG value. However the mass of the ω and the width of the ρ are approximately 3 SD out and the ρ mass nearly 30 SD out. These quantities are very sensitive to the details of the interference mechanism for the two-pion decay modes and the small two-pion branching ratio of the ω decay. The PDG lists just one more isospin= 1 vector meson the ρ(1700). The new high q 2 BaBar data require a more complex structure with the ρ and the ρ , whose close masses and opposite sign couplings roughly mimic a dipole behavior, replacing the lower mass ρ(1700). The strengths and modest widths of these vector meson resonances suggest that VMD may be of importance to still higher energies and momentum transfers before pQCD dominates. The knowledge of the complex structure of the pion FF enables one to also make predictions concerning its phase. Indeed, the phase δ π (q 2 ) of F π (q 2 ) is defined, for timelike q 2 > s 0 [δ π (q 2 ) = 0 for q 2 < s 0 , since the pion FF is real in this q 2 region], through the identity
Moreover, by invoking the Watson's theorem [17] , experimental values of such a phase can be extracted from ππ scattering phase shift data in the elastic range. Figure 4 shows a comparison between our prediction of the pion FF phase in the four cases and a set ππ phase shift data [6] (solid black points). These data have been not considered for the fitting procedure. The quite good agreement for q 2 < M 2 ρ 0.6 GeV 2 demonstrates that our parametrization, dominated in this region by the ρ propagator, well reproduces the physical analyticity of the pion FF. The kink in the model curve at q 2 0.6 GeV 2 is a result of the ρ−ω interference, lying about halfway between the masses of the two mesons and in fact about one width below the M 2 ω . Unfortunately, being only a few % effect, it is too tiny to be seen in the data. In the first and third case, black dotted bands in the upper and lower panel of Fig. 4 , around q 2 = 0.25 GeV 2 , the phase has a fewdegree step which is due to the opening, at q 2 = Λ 2 D , of thes branch cut in the unphysical Riemann sheet. The fact that such a branch cut, which is present also in the second and fourth case at higher q 2 values, does not spoil analyticity, as already discussed in Sec. II, is proven by the smoothness of the modulus of the F π (q 2 ) at the same q 2 .
The worsening of the agreement between model and data at q 2 values higher than 0.6 GeV 2 is a consequence of substantial inelastic contributions to the pion FF, which have no effect in the ππ scattering and hence, as expected, the identity between the phase of the pion FF and the phase shift of ππ elastic scattering in P-wave is not valid for those q 2 's. The pion FF has been extensively investigated, theoretically and experimentally, recently and in the past, because it represents a powerful playground for phenomenological models, as well as for descriptions based on first principles. Our study complements a wide literature on the subject [18] , by providing a model able to describe the world pion FF data with a rigorously analytic VMDbased parametrization.
